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.522
.728
.933
¨S]bU p L v  ¨ST^yX"VuX f X"aWZ[L f MNLd I +  ~  L0VTL0MNL0^FZ¬d`/=X"^ ff SedZ p STWUWZ[S]\_^\QZ I L$L pcp \ p
LdiZ[S]M*XZc\ p   S]^NZ I L $ nWXMNaWV]L  ¡
ÈeÊËÈeÍ
  p \_jUydiZ Qj"me  L pcp \ p LdZcS]M©X"ZcLu\ p ^W\b^ I \_MN\b_L0^WL\_UydÉL¸ UyX"Z[S]\_^,d } ~
 ^ ¨S]gO  Lua p LdL0^FZZ I LSed\ bXV]UWLdq\qZ I L=di\bV]UWZ[S]\b^N\" $ njX"MNaWVTL  X"^ f ST^ ¨S] 
 Lgd I \  ^.Z I L \_^.t$SYdiLdÉdZ p Lsdcd£yL0V f \ p Z I LgdcXMNLL0njX"M`aWV]L ¡
INRIA-MODULEF
INRIA-MODULEF
-22.79
-11.393
.00415
11.401
22.799
INRIA-MODULEF
INRIA-MODULEF
-170.456
-127.834
-85.212
-42.59
.0324
¨S]bU p LO   di\ bX"V]UjLd\"	Z I L f SYdiaWVYX_kmL0M`L0^8Z +Z¬X^W_L0^FZcSYX"V*X^ f ^W\ p M*X"Vf/\ p Z I L
$ nWXMNaWV]L  ¡
Ë¨Ë Ô(*),+-,.
}  x ¡   p X0hFXX"^ f o ¡ yL H XV]V]Lsk
INRIA-MODULEF
INRIA-MODULEF
1.513E-4
1.399
2.798
4.198
5.597
INRIA-MODULEF
INRIA-MODULEF
¨S]bU p L    VT\_yXVX^ f ayX p ZcSeXV 8STL  \  \b^$t$SYdiLdldiZ p Ld[d £yL0V f \ p Z I L $ njX"MNaWVTL  ¡
ÈeÊËÈeÍ
  p \_jUydiZ Qj"me  L pcp \ p LdZcS]M©X"ZcLu\ p ^W\b^ I \_MN\b_L0^WL\_UydÉL¸ UyX"Z[S]\_^,d }_
¨ST^yX"VTV]h  L.d I \  Xkm\bMNayX p Sed\_^ yL0Z  L0L0^Z I L X"aWa p \n8STM*X"Z[L.di\_VTUWZcST\_^ S]^ Z I L
S]^WSTZcSYX"VuMNLd I ªZ I L3X f X"ajZcL f MNLd I X"^ f \_U p*p LL p L0^,kmL.di\_VTUWZcST\_^ +Dk0XVekmUjVeX"Z[L f ST^ X
UW^WSÂ\ p M`V]h p Lm£y^jL f MNLd I /¬¡
initial solution
0 38.2 76.4 114.6 152.8
-12.8
-12.05
-11.3
-10.55
-9.8
-9.05
-8.3
-7.55
-6.8
-6.05
-5.3
-4.55
-3.8
-3.05
-2.3
-1.55
-0.8
-0.05
0.7
1.45
2.2
2.95
3.7
4.45
5.2
5.95
6.7
7.45
8.2
8.95
9.7
adapted solution
reference solution
initial solution
0 38.2 76.4 114.6 152.8
-201.8
 
-191.8
 
-181.8
-171.8
-161.8
-151.8
-141.8
-131.8
-121.8
-111.8
-101.8
-91.8
-81.8
-71.8
-61.8
-51.8
-41.8
-31.8
-21.8
-11.8
-1.8
8.2
18.2
28.2
adapted solution
reference solution
¨S]bU p L    \_MNayX p SYdi\_^.yL0Z  L0L0^.Z I L f S   L p L0^FZ¬dudi\_VTUWZcST\_^ydu\"lZ I L $ nWXMNaWV]L  ST^3X
f SeX_\b^yX"VkmUWZ¡
Ë¨Ë Ô(*),+-,.
v X x ¡   p X0hFXX"^ f o ¡ yL H XV]V]Lsk
HI L=VYX_diZ£,_U p L f Ld[k p STyLdZ I L=L \bV]UWZ[S]\b^N\"Z I L=L p[p \ p LdZcSTM*X"Z[L   ¡
0.4
0.5
0.6
0.7
0.8
0.9
1
1.1
1.2
1.3
2 2.5 3 3.5 4 4.5
lo
g(
 e
rro
r e
st
im
at
e)
log( elements)
’ex1_log’
¨S]bU p L~ x LdS f UyXVL pcp \ p \ p Z I L=L0nWXMNaWVTL  ¡
$ njX"MNaWVTL*} + ¨ST  /«km\_^,diS f L p d«Xd\"ZNM©X"ZcL p SeXV  ^jL0S] I y\ p S]^W XMN\ p L p S]bS f
Sed\_Z p \_aWSYkÙM*XZcL p SeX"VyOjª f SYdck p L0ZcS0L f  S]Z I Z I L=dcXMNL £,^WS]Z[LL0V]LMNL0^FZ¨Z I X"^*S]^ $ njX"M`aWV]L
 ¡
4
P
1
4
Γ
Γ
Γ
Γ
3
2
1
¨S]bU p L  $ njX"MNaWVTL}F¡
ÈeÊËÈeÍ
  p \_jUydiZ Qj"me  L pcp \ p LdZcS]M©X"ZcLu\ p ^W\b^ I \_MN\b_L0^WL\_UydÉL¸ UyX"Z[S]\_^,d v 
HI LL0n8ajVeX"^,X"ZcST\_^=\",Z I L¨£,_U p LdÌST^L0njX"MNajV]Ldy}ÉX"^ f vSedCZ I LldcXMNLX_dCST^ $ njX"M`aWV]L
 ¡
INRIA-MODULEF
INRIA-MODULEF
INRIA-MODULEF
INRIA-MODULEF
.001819
.2006
.399
.598
.797
¨S]bU p L«   ^WS]Z[SeX"VM`Ld I +  O L0VTL0MNL0^FZ¬d`/X^ ff SediZ p STWUWZcST\_^	\Z I LL p[p \ p LdiZ[S]M*XZc\ p  S]^*Z I L $ njX"M`aWV]L=}F¡
Ë¨Ë Ô(*),+-,.
v_} x ¡   p X0hFXX"^ f o ¡ yL H XV]V]Lsk
INRIA-MODULEF
INRIA-MODULEF
INRIA-MODULEF
INRIA-MODULEF
.00466
.0381
.0716
.1051
.1385
¨S]bU p L  X  ¨ST^yX"VX f X"aWZ[L f M`Ld I +  ~X"O.L0V]L0M`L0^8Z dq/ X"^ f3f SedZ p S]WUWZ[S]\b^	\"lZ I LL pcp \ p
LdiZ[S]M*XZc\ p   S]^NZ I L $ nWXMNaWV]L }8¡
ÈeÊËÈeÍ
  p \_jUydiZ Qj"me  L pcp \ p LdZcS]M©X"ZcLu\ p ^W\b^ I \_MN\b_L0^WL\_UydÉL¸ UyX"Z[S]\_^,d v_v
INRIA-MODULEF
INRIA-MODULEF
-.303
-.2079
-.113
-.01819
.0766
INRIA-MODULEF
INRIA-MODULEF
-1.558
-1.169
-.779
-.39
9.465E-5
¨S]bU p L b   d\ _XV]UWLsd$\"*Z I L f SedaWVeXbkmL0MNL0^FZ,+ Z X"^WbL0^8Z[SeXV«X"^ f ^W\ p M*XV /N\ p Z I L
$ nWXMNaWV]L }8¡
Ë¨Ë Ô(*),+-,.
v"O x ¡   p X0hFXX"^ f o ¡ yL H XV]V]Lsk
INRIA-MODULEF
INRIA-MODULEF
7.177E-4
9.648
19.294
28.941
38.588
INRIA-MODULEF
INRIA-MODULEF
¨S]bU p L  }   V]\byX"VX^ f ayX p ZcSYX"V FS]L  \"  \_^ t$SediLsdÙdZ p Lsdcd £yLV f \ p Z I L $ njX"M`aWV]L
}8¡
ÈeÊËÈeÍ
  p \_jUydiZ Qj"me  L pcp \ p LdZcS]M©X"ZcLu\ p ^W\b^ I \_MN\b_L0^WL\_UydÉL¸ UyX"Z[S]\_^,d v 
initial solution
0 38.2 76.4 114.6 152.8
-0.2
-0.19
-0.18
-0.17
-0.16
-0.15
-0.14
-0.13
-0.12
-0.11
-0.1
-0.09
-0.08
-0.07
-0.06
-0.05
-0.04
-0.03
-0.02
-0.01
0
0.01
0.02
0.03
0.04
adapted solution
reference solution
initial solution
0 38.2 76.4 114.6 152.8
-1.8
-1.725
-1.65
-1.575
-1.5
-1.425
-1.35
-1.275
-1.2
-1.125
-1.05
-0.1
-0.9
-0.825
-0.75
-0.675
-0.6
-0.525
-0.45
-0.375
-0.3
-0.225
-0.15
-0.075
0
0.075
0.15
0.225
adapted solution
reference solution
¨S]bU p L  v   \_M`ayX p Sedi\b^*¥LZ  L0L0^NZ I L f S   L p L0^FZ¬dldi\bV]UWZ[S]\_^,d\"Z I L $ njX"MNajV]LA}QS]^.X
f SeX_\b^yX"VkmUWZ¡
Ë¨Ë Ô(*),+-,.
v  x ¡   p X0hFXX"^ f o ¡ yL H XV]V]Lsk
-0.2
-0.1
0
0.1
0.2
0.3
0.4
0.5
2 2.5 3 3.5 4 4.5
lo
g 
(e
rro
r e
st
im
at
e)
log (elements)
’ex2_log’
S]_U p L  O  x LdS f U,X"VL p[p \ p \ p Z I L=L0njX"MNaWVTL}F¡
HI L f XZ¬X\ p $ nWXMNaWV]L vÙX p L_S  L0^=\_^ S]  F¡ HI SYd p L0a p LdiL0^FZ¬d;X M`\ p L p LXV]SedZcSYk
yLX"M'diLskmZcST\_^ p L0ST^8\ p kmL f Fh*X p \ f X"^ f X"^ X"^WSYdi\bZ p \baWSek=VeX0h L p ¡
4
1
2
3 3
2
4
P
Γ
Γ
Γ
3
2
1
Γ
¨S]bU p L    $ njX"MNajV]LAv8¡
ÈeÊËÈeÍ
  p \_jUydiZ Qj"me  L pcp \ p LdZcS]M©X"ZcLu\ p ^W\b^ I \_MN\b_L0^WL\_UydÉL¸ UyX"Z[S]\_^,d v ~
INRIA-MODULEF
INRIA-MODULEF
INRIA-MODULEF
INRIA-MODULEF
.02742
.812
1.597
2.382
3.168
¨S]bU p L     ^jS]ZcSYX"V;MNLd I +Dv OLV]L0MNL^8Z dq/X^ f$f SYdiZ p S]jUWZcST\_^*\"Z I L=L p[p \ p LdiZ[S]M*XZc\ p  S]^*Z I L $ njX"M`aWV]L=vF¡
Ë¨Ë Ô(*),+-,.
v  x ¡   p X0hFXX"^ f o ¡ yL H XV]V]Lsk
INRIA-MODULEF
INRIA-MODULEF
INRIA-MODULEF
INRIA-MODULEF
.0117
.2579
.504
.75
.997
¨S]bU p L  ~ ¨ST^yX"VX f X"aWZ[L f M`Ld I + _ O v*L0V]L0M`L0^8Z dq/ X"^ f3f SedZ p S]WUWZ[S]\b^	\"lZ I LL pcp \ p
LdiZ[S]M*XZc\ p   S]^NZ I L $ nWXMNaWV]L v8¡
ÈeÊËÈeÍ
  p \_jUydiZ Qj"me  L pcp \ p LdZcS]M©X"ZcLu\ p ^W\b^ I \_MN\b_L0^WL\_UydÉL¸ UyX"Z[S]\_^,d v_
INRIA-MODULEF
INRIA-MODULEF
-16.262
7.211
30.683
54.156
77.629
INRIA-MODULEF
INRIA-MODULEF
-321.637
-241
-160.819
-80.409
0 
¨S]bU p L     d\ _XV]UWLsd$\"*Z I L f SedaWVeXbkmL0MNL0^FZ,+ Z X"^WbL0^8Z[SeXV«X"^ f ^W\ p M*XV /N\ p Z I L
$ nWXMNaWV]L v8¡
Ë¨Ë Ô(*),+-,.
O X x ¡   p X0hFXX"^ f o ¡ yL H XV]V]Lsk
INRIA-MODULEF
INRIA-MODULEF
3.234E-5
24.036
48.073
72.109
96.146
INRIA-MODULEF
INRIA-MODULEF
¨S]bU p L     V]\byX"VX^ f ayX p ZcSYX"V FS]L  \"  \_^ t$SediLsdÙdZ p Lsdcd £yLV f \ p Z I L $ njX"M`aWV]L
v8¡
ÈeÊËÈeÍ
  p \_jUydiZ Qj"me  L pcp \ p LdZcS]M©X"ZcLu\ p ^W\b^ I \_MN\b_L0^WL\_UydÉL¸ UyX"Z[S]\_^,d O 
initial solution
0 38.2 76.4 114.6 152.8
-23.6
-21.1
-18.6
-16.1
-13.6
-11.1
-8.6
-6.1
-3.6
-1.1
1.4
3.9
6.4
8.9
11.4
13.9
16.4
18.9
21.4
23.9
26.4
28.9
adapted solution
reference solution
initial solution
0 38.2 76.4 114.6 152.8
-376.6
-361.6
-346.6
-331.6
-316.6
-301.6
-286.6
-271.6
-256.6
-241.6
-226.6
-211.6
-196.6
-181.6
-166.6
-151.6
-136.6
-121.6
-106.6
-91.6
-76.6
-61.6
-46.6
-31.6
-16.6
-1.60
13.4
28.4
43.4
58.4
adapted solution
reference solution
¨S]bU p Lg}~X   \_M`ayX p Sedi\b^*¥LZ  L0L0^NZ I L f S   L p L0^FZ¬dldi\bV]UWZ[S]\_^,d\"Z I L $ njX"MNajV]LAvQS]^.X
£ p dZ f SeX"b\_^yXVqkUWZ0¡
Ë¨Ë Ô(*),+-,.
O } x ¡   p X0hFXX"^ f o ¡ yL H XV]V]Lsk
initial solution
85.3 100.2 115.1 130
-32
-27
-22
-17
-12
-7
-2
3
8
13
18
23
28
33
38
43
48
53
58
63
68
73
78
83
adapted solution
reference solution
initial solution
85.3 100.2 115.1 130
-192.6
-185.1
-177.6
-170.1
-162.6
-155.1
-147.6
-140.1
-132.6
-125.1
-117.6
-110.1
-102.6
-95.1
-87.6
-80.1
-72.6
-65.1
-57.6
-50.1
-42.6
-35.1
-27.6
-20.1
-12.6
-5.1
2.4
9.9
17.4
24.9
adapted solution
reference solution
¨S]bU p Lg}    \_M`ayX p Sedi\b^*¥LZ  L0L0^NZ I L f S   L p L0^FZ¬dldi\bV]UWZ[S]\_^,d\"Z I L $ njX"MNajV]LAvQS]^.X
diLk\_^ f.f SeX_\_^,X"VkmUWZ0¡
ÈeÊËÈeÍ
  p \_jUydiZ Qj"me  L pcp \ p LdZcS]M©X"ZcLu\ p ^W\b^ I \_MN\b_L0^WL\_UydÉL¸ UyX"Z[S]\_^,d O v
0.95
1
1.05
1.1
1.15
1.2
1.25
1.3
1.35
2.4 2.6 2.8 3 3.2 3.4 3.6 3.8 4 4.2 4.4
lo
g 
(e
rr
or
 e
st
im
at
e)
log (elements)
’ex3_log’
S]_U p L=}b}  x LdS f U,X"VL p[p \ p \ p Z I L=L0njX"MNaWVTLvF¡
HI LgVeX p _L pÙp LdiS f UyX"VYdX"aja¥LsX p d I L p Lg\_^	Z I LX^WSed\_Z p \_aWSYkQM*X"Z[L p SYX"VX^ f ^WL0nFZÙZ[\
Z I L diS]^j_UWVYX p STZcSTLdm¡ x LkX"V]VjZ I XZZ I La p \bay\ diL f p LdiS f UyXV¥SYdq^W\_Z¦X f XaWZcL f Z[\X"^jSedi\bZ p \
aWSek=dS]ZcU,X"ZcST\_^yd¡
Ë¨Ë Ô(*),+-,.
O_O x ¡   p X0hFXX"^ f o ¡ yL H XV]V]Lsk
   (	%u!	q(	
L I X L f L p S  L f X"^ f X^yX"VTh0L f XQV]\Fk0XV j"ie  L p[p \ p LsdiZcSTM*X"Z[L\ pÉI LZcL p \__L
^WL0\bUydL0VYX_dZcSeky\ f STLdq\" p LdiS f UyX"VjZihFayL ¡ HI L £ p diZ^FUWMNL p Sek0XV ZcLdZ¬dX p LÙL0^,km\_U p X"bS]^W
\ p km\_M`a p Ld[diSTWV]LuSed\_Z p \_aWSYkM*X"Z[L p SYX"Ved¡
WU p Z I L p \ p §QSYd¨^WL0L f L f Zc\ I X^ f V]LAX"^jSedi\bZ p \_aWSYk I LZcL p \__L^WL0\_U,d¨y\ f S]LdyLk0X"U,diL
 L=kX"^W^W\bZÙa p \ \"Z I LQd[X"MNLuZh8ayL\ p LdiUjV]Z¬dZ I XZ\ p Z I LSed\_Z p \_ajSek=k0X_dL8^jL L p Z I L,
V]Ld[dZ I LA^8UWM`L p SYk0X"VWZ[LdiZ d_S  LZ I L=S f LXZ I X"ZÉ\bU p L pcp \ p LsdiZcSTM*X"Z[LÙM`S] I Z  \ p §NL L^
S]^	Z I Sed  p X"MNL  \ p §C¡  Z I SYdÙSedu^W\_Z=Z I Lk0XbdiL ªCSTZ=diLL0M*dZ I X"Z=\_^WL  \_UWV f I X LQZ I L0^
Zc\«UydiLgd\_MNL§FS]^ f \_L^WL p XV]SX"Z[S]\_^`\"Z I L=L¸ UjS]V]ST p XZcST\_^ p LdiS f UyX"VZ[Lk I ^WSe¸ UWL ¡
 ^ f LL f ª0Z I LV]\FkX"VG*I;^W\ p MXaWayLX p S]^WAS]^QZ I LST^  L p diLST^WL¸ UyX"VTS]Zh \ p LsdiZcSTM*X"Z[S]^WSUu "  STV]V^W\VT\_^WbL p yL=UW^WSÂ\ p MNV]h«L¸ UWS bX"VTL0^FZZ[\Z I L=V]\Fk0XV¨L^WL p bh^j\ p M ¡ LL0L0V
Z I L^Z I X"ZÉZ I LVT\Fk0X"VL0^jL p bh^W\ p M \"Z I L p LdS f UyXVk0X"^`\_^WVThNyLa p \bayL p VThN\_WZ X"ST^WL f
8h©di\_V 8ST^W«XV]\Fk0XVwÙL0UWM*X^W^Na p \_WVTL0MµXbdÙX f  \Fk0X"Z[L f S]^  }
	D¡
N ?  ² ± !®F³  ®    HI LQdUWaWay\ p ZFh  xqH$  G  RN\" Z I L=£ p dZXUWZ I \ p SYd
 p X"ZcLUWV]VTh*X_k¬§8^j\  VTL f bL f ¡
 (	%¦
  	Qt¡   S]^yd  \ p Z I X^ f ¡ H ¡Ù f L0^K¡   Uj^WS¤£yL f X"aWa p \ Xbk I Zc\ j"iõme  L p 
p \ p LdZcSTM*X"Z[S]\_^`UydiST^WL0V]LMNL0^FZ p LdiS f UyXVCMNL0Z I \ f d¡ l
¤mnqpy3_ipy_ð
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